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A New Model on Equilibrium Spectrum of Wind Waves

Yuguang Liu
University of Southern Mississippi, Stennis Space Center, MS, USA

Paul A. Hwang and Ming-Yang Su
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W. Timothy Liu :
California Institute of Technology, Pasadena, CA, USA

ABSTRACT

Based on the joint-distribution of wave amplitude
and wave period, a new model on the equilibrium spec-
trum of wind waves is derived. The derived model is
related to the wind speed, spectral width and wave
age. The related coefficients are determined empiri-
cally based on the observation. This model can be used
to explain the variability of spectral level and spectral
curve slope. It is found that the spectral level is con-
trolled by both wind speed and wave age; the slope of
spectral curve is related to only the wave age. The re-
lationships between the spectral width and wave age,
between the spectral level and wave age are obtained
based on the spectral properties and empirical obser-
vations.

KEY WORDS: waves, spectrum, equilibrium, wave age,
spectral width.

1 INTRODUCTION

Generally, the “equilibrium spectrum?” is limited to the
high frequency (or wavenumber) tail rather than the en-
tire frequency (or wavenumber) range. The first model of
equilibrium frequency spectrum for deep water waves was
proposed by Phillips (1958) based on dimensional analysis
as

S(w) = ag’w™s. (1)

The corresponding unidirectional wavenumber spectrum is
(2)

where o is the equilibrium constant, g is the gravitational
acceleration, w is the angular frequency, k is the wavenum-
ber.

S(k) = %k“‘,
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For the frequency region 1.5w, < w < 3.5w, and the
wave age region 0.83 < %’;}l < 5, Donelan et al. (1983)
obtained

od

(3)

€ |“Eh

S(w) = O.OOG(%%)O'SB(i)w‘SeIp(—

. Wwp
from the observations of water surface elevation using 14
wave staffs in an array in Lake Ontario and in a large
laboratory tank. Here w, is the angular frequency at the
spectral peak, Cj, is the phase speed of the waves at spec-
tral peak, 7' is the peak enhancement (over the Pierson-
Moscowitz spectrum) factor.

In this paper, we will derive the equilibrium spectrum
of wind waves, based on both dynamical and statistical
considerations. At first, the wind energy is input through
the work done by air presure component induced by large-
scale water waves. In smaller scale, the wind energy can
be directly input through the wind friction stress. The
two types of wind input may overlap in a part of the equi-
librium range. Therefore, the measured equilibrium spec-
tra of wind waves should include both contributions from
the two mechanisms. The equilibrium spectrum derived in
this paper represents the energy density contributed by the
first mechanism. The spectrum of wind-induced gravity-
capillary waves (Liu 1996; Liv and Yan 1995) may repre-
sent the energy density contributed by the second mech-
anism. The sum of the above two spectra may represent
the energy density in the equilibrium range, especially for
higher frequency range and stronger wind condition. In
the statistical consideration, a model of equilibrium spec-
trum will be derived from the joint-distribution of wave
amplitude and wave period of gravity waves. In other
words, the model is derived from theories and observations
on the statistical property of wave characteristic variables,
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rather than the direct spectral estimate. In detail, the
joint-distribution of amplitude and wave period is given
based on the probability density function (PDF) of wave
period of Liu et al. (1997), the PDF of wave amplitude
given by Longuet-Higgins (1975), and an assumption on
the correlation between wave period and wave amplitude.
The assumption on the correlation between wave period
and wave amplitude is obtained based on the observations
of Gooda (1977). The spectral width-related parameter
has been included in the model of wave period distribu-
tion (Liu et al. 1997). Therefore, the derived spectrum
is related to the spectral width. Further, the dependence
of spectral width and spectral level on wave age will be
obtained based on the spectral property and the observa-
tions of other investigators (Donelan et al. 1985; Perrie
and Toulany 1990). Because of relation with wave age,
the derived model can be used to investigate the influence
of wave age on the mean-square slope and further radar
reflection at the sea.

2  JOINT-DISTRIBUTION OF WAVE AMPLI-
TUDE AND WAVE PERIOD

A probability density function (PDF) of wave period with a
spectral width-related parameter n, suggested by Liu et al.
(1997) based on the theory of Longuet-Higgins (1975) and
the observations of Davidan et al. (1973) and Bretschnei-
der (1959), is

(2n - l)T“,

(277, -1 n/2 T2n—1
) 4T4 ]7 (4)

f(T) = F(%)2n_2 T2n exp[—

where T is the wave period, T, is the most-probable wave
period, the T-function is defined by

I'(a) = /:O z le %dz (5)

for a > 0.
The PDF of the wave amplitude a is given by the
Rayleigh distribution (Liu et al. 1997)

2
fle) = —eap(—g), - (6)

where a,, is the most-probable amplitude.

The PDF of wave period of Longuet-Higgins (1975) was
derived based on an assumption of narrow spectrum. How-
ever, Liu et al. (1997) have confirmed that equation (4) can
describe the PDF of wave period for both wide spectrum
and narrow spectrum. With a larger value of n, equation
(4) is in keeping with Longuet-Higgins’s model. Also (4)
with n = 2.0 fits the measurements of Bretschneider (1959)
very well; and (4) with n = 1.25 fits the measurements of
Davidan et al. (1973) very well. Therefore, the parameter
n in (4) denotes a spectral width-related parameter. The
PDF of wave amplitude of Longuet-Higgins (1975) was de-
rived based on the assumption of narrow spectrum, and it
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is used only in a narrow frequency subrange in this study.
It should be indicated that a numerous measurements (Liu
et al. 1997) have confirmed that the PDF of wave ampli-
tude is approximately unrelated to the spectral width. In
this study, the joint-distribution of wave amplitude and
wave period will be derived based on the PDF of wave
period (4) and the PDF of wave amplitude (6).
According to probability theory, the joint-PDF of wave
amplitude and wave period can be expressed by

£, T) = f1i(a/T)f(T), (7)

where f, is the PDF of wave period expressed by (4),
fi(a/T) is the conditional PDF of wave amplitude ex-
pressed by (6), in which a., is the most-probable amplitude
in a narrow period subrange dT" corresponding to T'.

The wave amplitude and the wave period are correlated
to each other. A formula to express the correlation is

am _ T
-X;_(Tm)’ (8)

where A, is the most-probable amplicude corresponding
to Tyn, T is the most-probable period, r is the correlation-
related parameter. It is found that equations (7) and (8)

‘with r = I: can describe the ohservations of Gooda (1977)

very well for the subrange of T/T;, < 1, which just corre-
sponds to the equilibrium range. Because the subrange of
T/Tm < 1 corresponds to the equilibrium range, we will
use 7 = 1 to describe the correlation between the wave
period and the wave amplitude for the equilibrium spec-
trum. We will also use n = 1.25 to describe the spec-
tral width for the equilibrium spectrum in fully-developed
stage. The value of n = 1.25 is obtained based on the ob-
servations of Davidan et al. (1973) as described earlier (Liu
et al. 1997). Generally, the statistical average corresponds
to the fully-developed stage, rather than the developing
stage or overdeveloped stage. The overdeveloped waves
are those with a peak frequency lower than that of the
fully-developed waves. The developing waves have a peak
frequency higher than that of the fully-developed waves.
Taking together, we have

n+r =225, (9)

which represents the value of (n + r) suitable for fully-
developed waves.

3 EQUILIBRIUM SPECTRUM OF

WAVES

WIND

a. Derivation of spectrum
Based on probability theory, the spectrum of wind waves
can be expressed by

Sw) = S, . (o)




with

S(T) =1 /0 " & fu(a/T)dal o(T), (11)

where the conditional PDF of wave amplitude fi(a/T) is
given by (6) and (7), the PDF of wave period f»(T) is
given by (4). Substituting this relation together with (4),
(6), (7) and (8) into (10) and (11), we obtain

- )2, R on — L)wt,
S(w) = (F(n )_3 ?n 27T+2r+1 ea:p[—( 4) J-
F)2n w 4w
(12)
From 258} _, =0, we find
2n—1

= (e m. 13
RS mer D (13)

where wr, is the most-probable angular frequency. Substi-
tuting (13) into (12), we have

2 . 4
N o (Wpy2ns2r-49° _(2n+2r+1)f£
S(w) = af » ) Fet i — w“]’ (14)
with the spectral coefficient
_1y(2-7)/2 (ntr—2)/2
o= (2n-1) (2’? + %r +1) (Arkm)?,
r(%)2~ 3
(15)

where k, = w? /g is the most-probable wavenumber.
b. Spectral width
The spectral width is defined as

2
=1 22 , (16)
momy
where m; is the i-th moment of wave spectrum
B .
m; = / w'S(w)dw. (17)
0

Substituting (16) and (17) into (14) and (15), we obtain

2¢/ndr—1
P(235)0(2=5=%)

This formula represents the relationship between e and
(n +r) for the derived spectrum. Equation (18) suggests
that the spectral width e is determined by both the spec-
tral width-related parameter n and the correlation-related
parameter r. .

It is noted that the derived model (14) of equilibrium
spectrum does not only represent the wave spectrum in the
range of equilibrium range, but also can approximately to
describe the wave spectrum in the whole range of gravity
waves. For example, for n + r = 3.0, the derived spectrum
(14) is proportional to the empirical model of Darbyshire
(see Bretschneider 1959). For n +r = 2.5, the derived
spectrum (14) is just the Neumann spectrum (Neumann

(18)
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1952). For n +r = 2, the derived spectrum (14) is just
the P-M spectrum (Pierson and Moscowitz, 1964) and pro-
portional to the JONSWAP spectrum (Hasselmann et al.
1973). For n+r = 1.5, the derived spectrum (14) is propor-
tional to the model (3) observed by Donelan et al.(1985).
When n +r < 2, the spectral width € — 0o, which means
the spectral width defined by (18) doesn’t exist. Only for
a narrow subrange, the value of n + r may be less than
2. For the whole equilibrium range, the average value of
n + r should be larger than 2. The model of Donelan et
al. (1985) is proposed for a narrow range due to an un-
known mechanism. This model cannot be extended to the
whole equilibrium range, because the mean-square slope
calculated froin this model is much larger than the obser-
vations.
c. Spectral coefficient

Other than some previous models, the derived spectrum
(14) has a finite fourth moment, hence a limited mean-
square slope can be derived from (14) using

o0 - o0 L 4
02=/ k25(1k|)kdk=/' %S(w)dw. (19)
0 0

Substituting (14) into (19), we have

2n+2r+ 1 a:-ld n+r—2
a= 4T NS, ()

‘

where a is the spectral coefficient. For fully-developed
waves, the mean-square. slope, given by Liu et al. (1998),
is

0% = 0.0103 + 0.0092 In Uy, (21)
Substituting (9), (21) into (20), we obtain
2
o
S ;
Y= Ter (22)

Substituting (9) and (22) into (14), the frequency spectrum
in the equilibrium range for fully-developed waves can be
expressed as = " .

2
ag ¢
Sylw) = 21 (22

5.5 w§
T 181'w

2
059
) oreep T i) (23)
where wy is the angular frequency at spectral peak for fully-
developed waves, wy = g/1.2U;9. The corresponding uni-
directional wavenumber spectrum in the equilibrium range

is

Sy(k) = Bsk™*, (24)
with the spectral coefficient 3, for fully-developed stage
9% ko 025 5.5 k3
— 1 (504025 _99oFkg =
B = g L(2PBerp(-2200)  (5)

where ko is the wavenumber at spectral peak for fully-
developed waves, kg = w?/g = g/(1.2U10)2.

Table 1: Spectral coefficient 3

Y




Uio wavenumber

2k 4kg 6ko 8ko 10kg
3m/s | .00336 | .00366 | .00347 | .00328 .00313
10m/s | .00519 | .00564 | .00535 | .00506 | .00482
17m/s | .00599 | .00652 | .00618 | .00585 | .00557
24m/s | .00651 | .00709 | .00672 | .00636 | .00606

Table 1 gives the values of spectral coefficient fy in the
range from kg to 10kg for Ui = 3,10,17 and 24 m/s.
These data are obtained from (25) and (21). The mean
value of spectral coefficient 85 shown in Table 1 is 0.00529;
the standard deviation is 0.00124. This value is very close
to the saturation constant of 0.00615 % 0.000615, obtained
by Phillips (1977) based on previous investigations. The
formulas (24) and (25) show a relationship of k~*%%. Fig.
1 gives the sum of the equilibrium spectrum (24) mnh (25)
and the gravity-capillary wave spectrum of Liu (1996).
The sum of two spectra shows a relationship of approx-
imate k~4.

Wavenumber spectrum

0.1 1

el b

lll

0.01

1e-10
0.001

Wavenumber (rad/m)

Figure 1: The sum of the equilibrium spectrum, given by (24)
and (25), and the unidirectional wavenumber spectrum of wind-
induced gravity-capillary waves, given by Liu (21996).

4 WAVE AGE
Substituting (20) into (14), we have
S(w) = o'g*w?, (26)

with
462(zgi§u)w+r—2)/2

F( n+;—2)

' (&)2n+2r~4e p[

(27)

The relationship between the mean-square slope ¢? and

the wave age, and the relationship between (n + r) and

the wave age will be determined, based on the spectral
~

2n+2r+1wp]
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property of derived model and the observations of Donelan
et al. (1985) and Perrie and Toulany (1990)

We use 2% to represent the wave age, £ to represent the
inverse wave age. Here wy is the angular frequency at the
spectral peak of the fully-developed stage, wo = g/1.2U10,
wp is the angular frequency at the spectral peak for the
concerned waves. The inverse wave age can be defined as
exther =2 or ¢ U’“ , where C}, is the phase speed of waves at
the spectral peaL, or z,’fcos& {(Donelan et al. 1985), where
8 represents the wind direction.

The empirical model (3) of Donelan et al. (1985) shows
that the spectral-coefficient is proportional to the power of
inverse wave age (%1—:)0'55 or (£2)0%%. So, we can assume

“2 _ (Wpyy 2
=(x 28
o (wo) %, (28)

where o2 is the mean-square slope in (27), af is the mean-
square slope in fully-developed stage, presented by (21).

The total energy of gravity waves E, also the zeroth
moment of spectrum, is

E= /OwS(w)d;;

Substituting (26) and (27) into (29), we obtain

(29)

5202 _4(2n+2r—

E = hrer—=
P \n+2r+1

)- (30)

The dimensionless energy E and the dimensionless angular
frequency at spectral peak @, are defined as (Hasselmann
et al. 1973)

- _g'E E-
E= T (31)
and
, 5y = 1.2w,Usp - fg. (32)
- g (2%
Substituting (31) and (32) into (30), we have
m+2r—4  Eo (33)

m+2r—1 o2’

The relationship between E and @, obtained by Perrie and
Toulany (1990) is very close to that obtained by Donelan
et al.(1985). Both formulas are based on the observations.
From Donelan et al{1985)

E o (@,)733. (34)

Based on (28), (33) and (34), we can determine that

n+r =25exp[—r (“’”)07"] 0.5, (35)

10.5 " w
which denotes the relationship between (n + r) and the
inverse wave age ZZ.

-




Substituting (35), (28) and (21) into {27), we can ob-
tain the relationship between the spectral level o/ and the
inverse wave age Sﬁ Comparing o' with the spectral level
observed by Donelan et al. (1985), we found that they
fit well with each other when the value of v is from 0 to
0.55. Combining the observations of spectral curve slopes
(Imasato 1976), the value of v is determined initially as
0.25.

The sum of spectral width-related parameter n and
correlation-related parameter r is a function of the inverse
wave age as given in (35). The mean-square slope is a
function of the inverse wave age as shown in (28) and wind
speed as showns in (21). So, the spectral level o in (27)
is a function of the inverse wave age and the wind speed.
Approximately, we have

o} = 0.0103 + 0.0092 In Uyy ~ 0.0145U%°2, (36)

From (27), (28), (35) and (36) with v = 0.25, the pro-
portional relationship on spectral level o' in (27) can be
expressed as
o & (ﬁ)o.ssUloész’ (37)
wo

which shows that the spectral level is a stronger function
of the inverse wave age and a weaker function of the wind
speed.

Substituting (28) and (35) into (33), the relationship
between the dimensionless energy F and the inverse wave
age =T is derived as

w0.7—u

£ = o yod[) _ ezp(—il P
E = (0.0103 + 0.0092 I"U“’)(uo) [1 = ezp( 10.5wg-7-v)]'
(38)

When » = 0.25, the two curves for Uis = 3 m/s and 24
m/s, respectively, are calculated from (38) and shown in
Fig. 2 as solid lines. The empirical relations observed by
Donelan et al. (1985) and by Perrie and Toulany (1990)
are shown in Fig. 2 as diamonds and pluses.

The same order of the dimensionless energy between the
derived model and the empirical relations reflects the ac.
curacy of the proposed spectrum. -

5 DEVELOPMENT OF WIND WAVES

The derived equilibrium spectrum can be described by
(26) with (27). Although this model does no include the
peak enhancement factor, it can also approximately de-
scribe the spectrum’ of gravity waves.

Fig. 3 shows the development process of gravity waves
given by (26), (27), (28), (21) and (35) with v = 0.25
for Uyp = 10 m/s. When the wave age increases (the in-
verse wave age decreases), the position of spectral peak is
moving from higher frequency to lower frequency, and the
“overshooting” appears in the equilibrium range. Mean-
while, the corresponding spectral width e calculated from

10

]

T 1 LELILERL | T llllllll T

Upper line: (38) for 24 m/s
Lower line: (38) for 3 m/s

o
-

0.01
0.001
0.0001
1e-05
1e-06
1e-07

1e_08 .lll 1 1 lll'll' 2 L lllllll
0.1 1 10

Dimensionless energy

Diamond: Donelan et al. (1985)
Plus: Perrie and Toulanx (1990)

LA L SR R Ll MRL IS B Lk L B

T FWT T AT I sl sd s iy

Inverse wave age

Figure 2: Dimensionless wave énergy versus inverse wave age:
Lines are given by (38) for Uy = 24 m/s and 3 m/s, respec-
tively; diamonds represent the dimensionless wave energy of
Donelan et al. (1985) and pluses represent the dimensionless
wave energy of Perrie and Toulany (1990).

(18) is shown in the figure. The older the equilibrium spec-
trum, the larger is the spectral width. Younger waves have
a narrower spectral width and a more steeper curve of the
equilibrium spectrum. For example, In Fig. 3, the waves
with an inverse wave age of 2.0 have a spectral width of
0.80 and a spectral relationship of w570, the waves with
an inverse wave age of 1.0 have a spectral width of 0.84
and a relationship of w=5-50; the waves with an inverse
wave age of 0.5 have a spectral width of 0.88 and a re-
lationship of w™33%; the waves with an inverse wave age
of 0.1 have a spectral width of 0.94 and a relationship of
w17, The frequency spectra with slopes from -5 to —6
have been observed previously (Imasato 1976).

6 SUMMARY

The equilibrium spectrum of wind waves is derived based
on the joint-PDF of wave amplitude and wave period as

4
— 2,&1/&2:—42—5 '_2z+1_w_}7
S(w) = 4TI N () ()t ez - XL
(39)
with
2 _
N=(EernE=2 g

where z = n +r, which is related to the inverse wave age
as shown in (33). Here “n” represents the spectral width-
related parameter, “r” represents the correlation-related
parameter. The related parameters of derived spectrum
are determined based on the empirical relations. There-
fore, this model is keeping with the observations. In (39),
a?, as shown in (21), denotes the mean-square slope for
fully-developed waves,
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Figure 3: Spectral density (m?s) versus angular frequency
(rad/m): The four spectral curves describe the development
of equilibrium spectra of wind waves for Ujg = 10 m/s. The
four spectral curves are obtained from (26), (27), (28) and (35)
with v = 0.25. These curves correspond to different inverse
wave age and spectral width.

The derived model can explain the variability of the
spectral level and the slope of spectral curve. The vari-
ability of spectral curve slope is related to the spectral
width; the spectral width is controlled by the wave age.
The smaller the wave age, the narrower the spectral width,
and the larger the spectral curve slope. The variability of
spectral level is due to both wind speed Ujp and wave
age 53 The relationship between the spectral level and
the mean-square slope is found from the fourth moment
of spectrum. Furthermore, the relationship between the
mean-square slope and the wind speed was found by Liu
et al. (1998). The relationship between the spectral level
and the inverse wave age is derived based on the observa-
tions of Donelan et al. (1985) and the spectral property on
the zeroth moment and the fourth moment. The determi-
nation of power factor v has not been solved completely,
although an initial value of 0.25 is given. The relation-
ship between the mean-square slope and the wave age can
be used to explain the uncertainties of microwave radar
measurements.
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